FINITE ELEMENT MODELLING OF THE RESPONSE OF LONG FLOATING
STRUCTURES UNDER HARMONIC EXCITATION

ABSTRACT

The response of long floating structures to a
harmonic excitation is the basis for the response
calculation in a short crested wave field. This paper
will present consinstent formulas for obtaining the

nodal loads in a finite element analysis. The
accuracy of the method used is compared with the
results obtained using a Rayleigh-Ritz approximation

of the response with continuous eigenfunctions. The
error of using an irrrational finite element model is
demonstrated for comparison, and to indicate to
designers of similar structures the large effects
which they may be overlooking.

INTRODUCTION

The usual method of calculating the response of
long floating structures due to wave excitation is
the frequency domain analysis. The modelling of the
response to a harmonic oblique wave is the basis for
this, The response to a wave field is obtained by the
superposition of the responses to harmonic
directional components with amplitudes obtained from
the directional wave energy spectrum.

General purpose finite element programs are
usually used for the response calculation. These
programs do not provide methods for computing the
nodal loads in the case of continuous harmonic
oblique loading along the structure. An accurate
computation of the nodal loads should take into
account the amplitude and phase variations of the
loading between the nodal points. It will be shown
that even reasonably closely spaced nodal points
cannot account for these effects.

This paper will present consistent formulas with
the virtual work formulation of finite elements,
along with ways to implement them in finite element
programs. The accuracy of the method used is compared
with the results of a Rayleigh-Ritz approximation of
the response with continuous eigenfunctions, where
the effects of discretizing the wave forces to nodal
loads are not taking place.
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PROBLEM FORMULATION AND NOMECLATURE

The problem which will be dealt with here is the
computation of nodal loads in the case of a long
structure  under a continuous harmonic oblique
loading. The types of structures to which this
applies are floating bridges or breakwaters in a wave
field. The wave field is usually described by a
directional wave spectrum (1,2)

(1)

S(w,0) = s(w) ¥ ,
where S(w) 4is the unidirectional wave spectral
density (models 1like Pierson-Moskowitz, JONSWAP,
Darbyshire-Scott) which gives the wave energy

distribution for various frequencies; and ¥(f) is a
spreading function (usual model ¥(8)=Ccos™( 8- 8o) )
which gives the angular distribution of the wave
energy.

From the directional wave spectrum the sea state
can be simulated as the superposition of harmonic
components in different directions. If we assume that
in the simulation we use N wave frequencies (i=
1:2,...,N), and M wave directions (Jj=1,2,...,M), the
sea state will be simulated with K=N*M components of
the form

n.. (2)

1]
where the amplitude is obtained from the directional
wave spectrum as

¢, = Vs, 80)AwA8 .
1] 13
There are many ways of choosing the frequencies wj in
the simulation process and ref.(3) shows some of the
methods available. The angles 0. can be chosen equaly
spaced from =~ 7/2 to +n/2, In"Eq.(2) ¢3-are random
phase angles between 0 and 2n7 . In Eq.%S) Aw and
are wave frequency and wave direction intervals
around w.and 6, .

The respon of the structure to a short crested
sea described by a directional wave spectrum is
obtained as the superposition of the responses to the
individual harmonic components nij- Each harmonic

>

{ij cos(wit + ¢ij)

(3)



component of the 1loading 1is characterized by a
loading or wave frequency w;, and a direction Qj in
respect to the axis of the structure (Fig.1). For the
rest of the discussion as we deal only with one
harmonic component the subscripts i and j will be
dropped and we will use « and §for the loading
frequency and direction.

8 wave direction

LStl’l.l(:tul"e z

axis
wave crest
FIG.1 GEOMETRICAL DEFINITIONS
Troughout this paper linear wave theory is

assumed. The loading along the structure (Fig.1) for

a harmonic wave at angle 6 is

f(z,t) =8ei(yz-wt) (4)

where & is a dimensional (force/unit 1length)
hydrodynamic coefficient (4,5), and depends on the
wave frequency and direction. For deep water
conditions we have
= Ksinf = i = gizsina
# A 4 (5)
where K and A are the wave number and the wave

length.

REYLEIGH-RITZ APPROXIMATION

A first approach in calculating the response of
the structure is a Rayleigh-Ritz approximation. in
which the response values are approximated with

continuous functions, This approximation will be used
as basis for checking the accuracy of the finite
element model which is going to be discussed in the
next section.

A general structural model is shown in Fig.(2).
For simplicity in the analysis the structure is
assumed to have constant cross section with stiffness
EI, virtual mass m, and virtual damping 26wm. For the
sway motion the anchor cables are modeled as elastic
springs with stiffness Kj at locations 2z . For the
heave and roll motion the structure behaves like a
beam on elastic foundation, with foundation modulus
equal to the buoyancy stiffness, k,= A,gB for heave,
and ky= AgB¥12 for roll., { B is the width of the
rectangular cross section, Py and g are the specific
mass of the water and the acceleration of gravity).

In the analysis the three directions of motion
will be assumed uncoupled. This approximation is
quite accurate for straight structures, as the
coupling between the three directions of motion due
to hydrodynamic effects is very small (6).

The Euler-Lagrange equations of the structural
response, using q; for generalized coordinates, are

_g(aE y = 9E_ _ 9 6)
e = 5 A »

de "3g, 3q; 94, (
where E=T-U; T and U are the kinetic and potential

energy of the system; F is the damping forces

quadratic form.
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Sway : Kj = cable stiffness, kw =0
Heave: Kj =0, kw = pwgB3
Roll : Kj =0, k =p 8B /12
FIG.2 GENERAL STRUCTURAL MODEL

We assume the structure displacements of the form

(7)

©

wz,t) = n; ()Y (2

where Yn(z) is a complete set of functions satisfying
the kinematic boundary conditions. One choice is the
eigenfunctions derived from the solution of the beam
vibration equation

y
R O (8)

For a beam with free ends the solutions are (7)

Zy = (9a)
YO(L) 1,
Zy 2 _pZ (9b)
¥, @ V3 (1 2%,
Z . z . z
Yn+1(%)= coshunf *+ cosi T —an(SthVnE+sannE)’(9c)
n= 1,2,3,...
where Vv, is the solution of the trancendental
equation
cos¥ coshv = 1 ’ (10a)
and
coshv, - cosW
@ = —— (10b)
% sinh ¥, — siny,
Values of 1y, for n= 1,2,3,4,5, are 4.,73004074,
7.85320462, 10.9956078, 14.1371655, 17.2787597, and

(2n+1)7/2 for n>5.
These functions are orthogonal to each other

L for n=m

- (11a)
Yn(z) Ym(z) dz = “~0 for n#m °

2, _ [ _ (11b)
(Y;+1(z)) dz = ( L) L for n=1,2,3... ,

(11e)

S S S

(Y; (z))%dz = 0 for n=0,{

using the

Expressing the quantities in Eq.(6)
functions Y,(2) of Eq.(7) we obtain:

Kinetic energy
L

r-f

b (12a)

(%)[Q(z,t)]zdz = 9% 2;0 [(':n(t)]2 ;

247



Potential energy

L L
i =fo %[‘«"(Z,t)]2 dz +-£ ’%’[w(z,c)]zdz
L L
+ j; 'Z‘i[W(Zj,t)]z--g f(z,t) w(z,t) dz

Yn 2 z
JEIL nzb ()l ()% +ikgL nZb[cn(c)]

0 L
- ;A:.O Cn(t)L f(z,t) Yn(z) dz

+

(12b)

Damping quadratic form

M
F =.g' 3 (26wm) [ (z,t)1%dz = Q(Z{mm)LnZ:;)[(‘Zn(t)]z.(ﬂc)

Using
_ ~iwt
Cn(t) = ‘Cn e s (13a)
ga1j Yn(zJ') Yl‘(zJ-) , (13b)
£(z,t) = 8e® S s (13¢)
L
B_ = 8.{; ey (2) dz {13d)
and Eq.{12.a,b,c), from ©Eq.(6) we obtain the

equations of motion

[-nle? + EIL(BE)" + gL + 26efmL il C_

( Jg Kjgnlj ) Cl = Bn

+ 2 QLY
for n=0,1,2,3,...

Eq.(14) represents a system of infinite number of
equations for the unknown variables C,. For practical
applications a finite number of equations is used,
and the system of equations becomes

3= 1 1

Expressions for the complex variables Aj; and Bj are
presented in ref.(6) and (8). The system ~of Eq.(15)
is solved for the variables C; = ¢j +1&; . The
structure displacements and benéing momen{s are
computed as

1=0,1,2,.. N (15)

N
Real [Z_ C Y (z) e
n=0 n n

w(z,t) = (16a)
5.
- " -iwt (16b)
M(z,t) = -EI Real [n=0 Cn Yn(z)e ]
FINITE ELEMENT MODELLING
Setting up the finite element model of the
structure is quite straight forward. Any finite
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element program with beam elements can be used for
the job. The point which needs attention and can
introduce errors in the analysis, if it is treated
irrationally, is the computation of the nodal loads.

i-1 i i+1  node number

L Liy L; Lisy
Z,
/

F o

FIG.3 FINITE ELEMENT MODEL OF THE STRUCTURE

A first approach in computing the nodal loads 1is
to compute the load characteristics at the nodal
points, and assume that this 1loading is extended
halfway to the adjacent nodes. Using the notation of
Fig.(3), the nodal load at node i is

L; + Li-
R, (1) =8 (1) coswe +) )
i 2 1
where @¢; 1s the phase angle of the loading at the

nodal point i in respect to the coordinate origin

27y

- (18)
t (A/sing)

Bz

This way of modelling the nodal forces does not
take into account the space-time variation of the
loading between the nodal points, which affects the
magnitude and the phase angle of the loading. A more
accurate nodal load computation will reveal the error
in the amplitude and the phase of the nodal loads.

R
Rab € B
A B
ZA=J| R S -
z -l
IZB

FIG.4 BEAM ELEMENT

Figure (Ui} shows a beam finite element subjected
to a harmonic loading. Lets use N,(f) and N,(7) for
the displacement functions along the beam element for
unit displacements at nodes A and B. Applying the
virtual work principle the nodal loads at A and B are
computed as (9)

Ry (t) =5/: Ny €) etlardmior e (19)

"Rg(t) =6_Z Ny () MBI gy , (20)

where z, 25 » 2g » f. and n are distances shown in
Fig.(%).



Using, as a first approximation, linear

displacement fields we get for the nodal loads

Ry (£)=8¢L etluzan-iat) | gep ol (Bt -int (21a)

Rg(£)=BeL ol WrpYit) gy i@p-int o,

where ¢k and ¢@ are phase angles
Eq.(18) at the points A and B

computed from

%
P8

Mzy (22a)

Mzy . (22b)

The amplitude and phase angle parameters € and  are

. =J2 + (ML)?- 2cos(ML) = 2uLsin (ML)

L)? (23)
ul = sin(ulL)
Y= arc tan {T——C_O—S(/“—L)-} . (24)

It should be noticed that the parameter (4L) used in
all the relations here is a nondimensional parameter

depending on the wave length A and direction 6, and
the nodal point spacing (L)
2
“KLsin® = € Lsinf = -7l oo (25)
#1L =kLsin@ 2 Lsin@ \Js1nd) .
From Eq.(21,a,b), and the notation of Fig.(3) we

obtain for the nodal load at node i

Ri(t)= B{Fi_1Li_1cos(wt+¢i—wi_1 )+ €Ljcos (wt+¢i+¢’i)} s
(26)

where ¢€; and ¢Q are computed for the span i using
Eq.(23) and (24), and ¢ is computed for the node 1
using Eq.(18).

' As we can see the parameters € and () represent the
amplitude and phase angle changes between Eq.(17) and
(26). The way these parameters vary with the wave
length and direction (parameter wuL), 1s shown in
Fig.(5) and (6). The variations can be considerable
for high wave frequencies or very oblique angles with
the structure axis.
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FIG.5 AMPLITUDE PARAMETER LINEAR DISPL. FIELD
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FIG.6 PHASE ANGLE PARAMETER LINEAR DISPL. FIELD
Figure (7) shows a more accurate computation of

the nodal loads based on third degree polynomial
approximation for the displacement functions.

APPLICATION CONCLUSIONS

Two methods have been presented for the modelling
of the response to harmonic excitation. One is a

Rayleigh-Ritz approximation, and the other is a
finite element model. We will pay more attention to

the finite element approach since it is used more
often,

The Rayleigh-Ritz method approximates the response
with continuous functions and thus can be considered
very close to the true solution if the number of
continuous functions (harmonies), which are used to
approximate the response, 1s adequate enough. The
right number of harmonics depends on the frequency of
the excitation and can be established by looking at
the improvement of the response values with the
increase of the number of harmonics.

Three different levels of finite element
approximation have been presented. The model of
Eq.(17) uses simple tributary areas to determine the
nodal loads, the model of Eq.(26) is based on linear
displacement fields, and the formulas presented in
Fig.(7) are based on a third degree polynomial
approximation for displacement fields. The higher the
order of the displacement field, which 1s used, the
better the approximation is.

The poor level of approximation obtained by using
Eq.(17) can be seen from the plots of the parameters
€ and ¢ (Fig.5, 6 and 7), which show the

differences in the amplitude and the phase angle of
the 1loading between the first and the two other
finite element approximations, A wusual way of
improving the accuracy of a finite element
approximation is to choose more close the nodal
points. The error of using Eq.(17) instead of Eq.(26)
can be considered negligible if the parameter ¢ is
close to 0.5 and the parameter /is close to 0. From
Fig(5) and (6) we can conclude that this can hapened
if pL{1, which results in a eritical nodal point

distance Ly " (pL.=1)
2
Le . 1 o L = I . 27)
A 2nsin § ¢ 417 sinf

Fig.(8) shows plots of the above critical nodal point
distance for various frequencies and directions of
the applied wave loading. As can be seen the nodal
point distance should be chosen to be very small to
reduce the error. This will have a considerable
increase in the computational cost using the finite
element model.
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Using Eq.(17) and choosing an average nodal point
distance to give accurate results for the mean wave
frequency and direction of the loading, does not
necessarily reduces the error for the overall response
to a wave spectrum. As can be seen from Fig.(5) and
(6) the deviation of ¢ from 0.5 and  from O
increases considerably for high wave frequencies and
very oblique waves (large values of ML ). In the
response evaluation in a short crested wave field,
the contribution of the higher wave frequencies, and
the oblique waves, can cause the final response
values to be completely wrong.

In order to investigate better the accuracy of the
finite element approximations a test structure was
modelled. The basic properties of the structure were
chosen to be close to the properties of the original
Hood-Canal floating bridge (10). The structure has

- 6 sin(ul
- 6 cos{ul
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2(ul) cos )
-2(ut) cos (ut

THIRD DEGREE POLYNOMIAL FOR DISPLACEMENT FIELD

been subjected to harmonic waves from three different
directions (10,30, and 50 degrees with the structural
axis), and the response has been evaluated for
various wave frequencies. The results for the maximum
displacements and bending moments for the heave
motion are presented in the following figures.
Fig.(9) shows a Raylegh~Ritz approximation. Fig.(10)
shows a finite element approximation with nodal loads
computed using simple tributary areas. Fig.(11) shows
a finite element approximation based on 1linear
displacement field for the computation of the nodal
loads. Fig.(12) shows a finite element approximation
based on a third degree polynomial approximation for
the displacement field. For the Raylegh-Ritz
approximation 24 harmonics have been used. The
variation of the results between 12, 16, 20 and 24
harmonics has indicated that the results shown in
Fig.(9) can be considered very close to the true
response values. For the finite element models 21
nodal points have been used.

From the results shown for this test structure the
order of approximation with the three finite element
models is clear. Comparison between the response
values shown in Fig.(10) and the response values
shown in Figs.(9), (11) and (12) shows that the use
of simple tributary areas for the calculation of the

dal loads results in completely unreasonable
picture for the structural response.

The close response values shown in Fig.(9) and
(12) recommend the use of a third degree polynomial
approximation for the computation of the nodal loads
in a finite element model.
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